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Multistage Stochastic Linear Programming

Analysis of Stochastic Dual Dynamic Programming Method
Alex Shapiro (2010)

. T . T . T
min ¢ x1+E min o x2+E ... +E min CTXT
Ai1xy=b; Box1+Axxa=by Brxt _1+ATxT=bT
x1>0 x>0 X720

@ Applications: planning problems in mining, energy, forestry, etc.

Challenges:
@ Tractability of E

@ Stagewise dependence of data process {¢: := (ct, B, A, be)},_; | i

@ Curse of dimensionality %
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Two-stage stochastic programming

“True” problem:

min ¢'x +E min  q'y
Ax=b Tx+Wy=h
x>0 y>0
Take random sample &1 ¢V and approximate E ~ & Z'-V
P [ PP N j=1

— Sample Average Approximation (SAA) problem:

N
. . iT
min ¢'x + — E min ¢y
Ax>: — Tix+Wiy=h
x20 - y>0

Q(ngj)::

()=
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Cutting-plane method

Basic Ingredients

N
1 .
o7 1 j = T
pin gD Qo) whee  QEo6)= mpx dy
%50 j=1 y>0
é(x)::

Assume: relatively complete recourse, i.e. V feasible x,
Q(x,€) < o0 as.
= % ZJN:I Q(-, &) convex piecewise-linear, and problem is
min ¢'x+
0 Co T
I For f convex: Of(xo) := {d (Vx o f(x) > f(xo) + dT(x — xo)}
= 0Q(-,&)(x0) = —T" {m: 7 opt. sol. of dual of Q(xo,¢)}
= 0[5 Q6] (o) = — A S, T YT
. 7 opt. sol. of dual of Q(x0, &)} - =
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Cutting-plane method

Basic Ingredients

m|n c"x X J where x,&) = max u
+NZQ( &) Q(x,¢€) B R
x>0 y>0
Q(x):=
Assume: relatively complete recourse, i.e. V feasible x,
Q(x,¢&) < o0 as.
Conclusion:

@ easy to compute on given x
o difficult to optimize
@ easy to compute subgradient on given x
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Cutting Plane Algorithm

Given sample {¢ = (¢/, T/, W/, hj)}jzl 1111 N
0. k¢ 1; LB'<+ —o0; UB'+ o0; £i(x) <+ LB ¥x
1. (“Forward Step”) Let x* be the solution of:

LB* « min c"x + Qx(x)
Ax=b
x>0

2. (“Backward Step”) Compute:
Q)+ F XL, Gk ¢)

gk« -1 ZJN:1 TIT ok (subgradient)

Let UBK « cTxk + Q(xk).
o If UBK — LB* < ¢, END.

o Else (LB* < UB¥), add plane Q(x*) + g*T(x — x) to Qu:
Qies1(x)  max{Qu(x), O(x¥) i

+8T(x = x)} 2
088

3. k< k+1, iterate from 1.
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Two-stage stochastic programming
SDDP algorithm for two-stage SP

SDDP algorithm |

Given sample {¢/ = (¢/, T/, W/, W)}, .,

0. k< 1; UB'< o0; LB'+ —00; Qi(x) <« LB Vx
1. Forward Step
1.1 Let x* be the solution of:

LBk « Pinb c"x + Dx(x)
X0

1.2 Take subsample {¢W}M, of {¢/}Y, (N >> M), and with
values {1 := c"x + Q(xk, §7)}M; compute (1 - a)
confidence upper bound of “true” problem opt. value ¥*:

UB¥ + 9 + za/m/f

where ¥ := %Z}‘il ¥j and 03 1= A= é% %i
1.3 If UBK — LB¥ < ¢, END. g
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Two-stage stochastic programming
SDDP algorithm for two-stage SP

SDDP algorithm Il

2. Backward Step
2.1 Compute:

~ 15N k ¢iy = 1L 5N T
Ox") « ¥ QX&) =725 fo*Tl?V)f(y:h’qj g
y=0

g « -1 ZJNZI TiT ik (subgradient)
2.2 Add plane Q(x¥) + g¥T(- — x¥) to Q(-):
Qper1(x) — max{Q(x), Q(x¥) + g"T(x — x*)}

a&%gi

3. k< k+1, iterate from 1.
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“True” problem

: T o T o T
min ¢; x1+E min ox2+ E ... +E min CTXT
Arxy=b; Boxy+Ayxp=bhy Br +ArxT=bT
x120 x>0 x7>0

Equivalently (Dynamic Programming equations):

min axi+E [@2(x1,&2)]
b —_

A1X1>:0 1
=z Qa(x1):=
where
Qe(xe-1,&) = inf e %+ E[Qualx, &ri1)] t=2,...,T—1
Bixy _1+Aexe=bt —_——

x20 Qet1(xe)

Qr(xt—1,&7 inf crxr

( ) Brxr_1+Arxy=by |

x7>0

@ Process is stagewise independent, i.e. {41 indep. of &1, ...
@ Problem has relatively complete recourse
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SAA problem

Take random sample {Ejt = (&, Ay, Etj,ij)}

J=1,0,Ne
t=2,...,T. SAA problem is:
N N3
min ¢ x1+ _ min Ejgxz-&-— E
Aleobl N2 J=1 | Bizxat+Ajaxa=bj N3 =1
1= x>0

Equivalently (Dynamic Programming equations):

1 &
min ¢ x1 + — E Q2,j(x1
A1X1:b1 N2 j:1 J( )

Nr

for each stage

j=1

: ~T

~ min _ Grxr

Bjrxr 1 +ATxr=bjT
xr2

X120

D(x1)
where

1 Net1
- ‘ ) - -
Qejlxe-1) = min CyXe + r— > Quir(x) t=2,...,T—1

Byjx; _1+Ayxe=byj t+1 =1
X >

~ Oer1(xt)
Qrj(xr-1) = min

~T

_ J1 e 2

Brjxr_1+A7jxr=br;
x7>0

088
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SDDP method: the idea

111" Cost-to-go functions
é(xrl ZQtJth t=2,...,T

are convex piecewise-linear
@ Approximate

; T 5 . T
min ¢ x1 + Qo(x1) by min ¢ x1 + Qo(x1)
Ai1xi=by Aixi=by
X1 2> x12>
. ~T ~ . ~T
_omin _ Cuxe+ Qepa(xe) by min _ Cuxe + Qera(xe)
Bijxy—1+Agxe=by; Btjxt 1+Agxt7bg
x>0 x>0
where 9Q5(+),...,Q7(:) are convex, piecewise-linear and

Q)< Oe(r) t=2,...,T

@ In successive iterations, refine lower approximations Q(-)

using subgradient of Q,(-):
QK() £ Q) £ Q2() <. < Oy @QQS
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SDDP method: Forward step

At iteration k > 1, we have lower approximations Qj,..., Q7
o Take subsample {(¢¥,...,&0)}¥, of original sample
@ Forj=1,..., M, take sampled process (&,...,é¥) and solve
min of xi + Qa(x1) = xij
Ava=by
X112
&), x_1y = min elyxe + Qeyila) = th(gff]))

Ezumfl,/ +:‘¢UJX::E¢U)
x>0

t=2,...,T—1

5(7"7), XT-1,=> _ min ~ EI HXT = ij(E[UT)])
Br(jyxT—1,/+AT()*xT=b7()
x7>0
obtaining candidate policy values xy;, xo;, ..., xT; with cost

-
9 Z CL)XU-

t=1
e It's a (1 — «) confidence upper bound of “true” opt. value 9*:
UB¥ « 0 + 2469/VM

where 9 := % inl ¥j and 52 := ﬁ Ej’\il(ﬂj — )2,

088
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Multistage stochastic programming
SDDP algorithm for multistage SP

SDDP method: Backward step

We have candidate values X1,X»,...,XT.
o Atstaget=T:

e For x7_ 1 =Xx7_7and forj=1,..., Ny, solve:
N — : ~T
Qrylxra) = min & xr
Bt jxt—1+AT jxT=bT ;
XTZO

and let 77 be opt. dual solution.
o Let - -
Or(xr-1) = 7= L Qrylxr-1)
gT = _Ni-r ZszTl B-{—J%T’j .
e Add cut

Lr(xr_1) = Or(X7 1) 4+ BF(x7_1 — X7_1)

to lower approx. Qt used in stage t =T — 1: i
Q1(-) == max{Q7(), L7()}. @ g g % —
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SDDP method: Backward step

o Atstaget=T — 1:

e For xy_ o =X7_oandforj=1,...,Nt_1q, solve:
~ ) ~T
Qr_1,j(x7-2) == _min ~ Cro1xT-1+Q7(x7-1)
Br_1 jxr_2+Ar_1x1_1=b7_1
x1-1>0

and let 77_1j be opt. dual solution.

o Let
QT—1(7T—2) = ,\,T171 Z}V:Tfl CN?T—l,j(XT—z)
8T-1 = —ﬁ Z}\I:Tfl §¥_17ﬁT71,j .
o Add cut

Lr_1(x7—2) = O1—1(X7_2) + &F_1(XT—2 — X7_2)
to lower approx. Qt_1 used instage t =T — 2: i
Qr_1() = max{Qr_1(-), Lr1()p. & é% %
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SDDP method: Backward step

o Atstaget=T — 2:

o At stage t = 1: solve

LBX « min ¢ x1 +Qo(x1)
Ai1xi=by
x1>0

LB¥ is, on average, lower bound to ¥* “true” optimal value

a&@%
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Multistage stochastic programming
SDDP algorithm for multistage SP

SDDP method: lllustration

(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure: “True" problem
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SDDP method: lllustration

(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure: SAA problem

a&@gi



SDDP method for Multistage Stochastic Linear Programming

Multistage stochastic programming
SDDP algorithm for multistage SP

SDDP method: lllustration

(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure: SDDP iteration 1: Forward step
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Multistage stochastic programming
SDDP algorithm for multistage SP

SDDP method: lllustration

(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure: SDDP iteration 1: Forward step
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Multistage stochastic programming
SDDP algorithm for multistage SP

SDDP method: lllustration

(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure: SDDP iteration 1: Forward step
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Multistage stochastic programming
SDDP algorithm for multistage SP

SDDP method: lllustration

(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure: SDDP iteration 1: Forward step
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SDDP method: lllustration

(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure: SDDP iteration 1: Backward step
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SDDP method: lllustration

~

(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure: SDDP iteration 1: Backward step
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Multistage stochastic programming
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SDDP method: lllustration

\\,\\, ememeT
NG
>\
,'// \\\ ~ ’ P
(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure: SDDP iteration 1: Backward step
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SDDP method: lllustration

\\,\\, ememeT
NG
>\
,'// \\\ ~ ’ P
(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure: SDDP iteration 2: Forward step
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Multistage stochastic programming
SDDP algorithm for multistage SP

SDDP method: lllustration

\\,\\, ememeT
NG
>\
ST < 5
(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure: SDDP iteration 2: Forward step
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SDDP method: lllustration

\\,\\, ememeT
NG
>\
ST < 5
(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure: SDDP iteration 2: Forward step
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SDDP method: lllustration

\\,\\, ememeT
NG
>\
PN .
(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure: SDDP iteration 2: Backward step
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SDDP method: lllustration

~

(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure: SDDP iteration 2: Backward step
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Multistage stochastic programming
SDDP algorithm for multistage SP

SDDP method: lllustration

~

(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure: SDDP iteration 2: Backward step...
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Summary: KEY IDEAS for SDDP algorithm

o Forward step:
e sample process &1,...,r = implementable policy xq, ..., xT
o Repetitions = Upper bound on true optimal value

o Backward step:
o Cost-to-go functions

N,
- 1 . -
Qe(xe—1) = N E _ max Gy Xt + Qtr1(xt)
t j=1 Bt jxt—1+A¢t jxe=by j

x>0

are convex piecewise-linear functions of x;_1
o Refine lower approximations Q¢(-) using subgradient

Ne
~ - 1 ~
0 {Qt()} (Xe—1) = N z; BtTj {m:j : opt. sol. of dual. .. }
=

S,
% T
o Lower bound on true optimal value 5] Q g o (e
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Convergence and main contributions

Proposition (Convergence)

Assume

i. At the forward step, process subsamples are taken
independently of each other

ii. At all iterations, approximated problems

T : T

min ¢ x1 +Qa(x1) and _ min G ixe + Qrp1(x)
A=l Bt jXt—1+A¢ jxt=b; |
x>0 MR e

have finite optimal value
iii. In the backward step, basical solutions are used

Then, after a sufficiently but finite large amount of iterations of
the SDDP algorithm, the forward procedure defines an optimal
policy for the SAA problem.

(k-2 A R
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Convergence and main contributions

Tractability?

Issue: total number of scenarios M, N;

Cutting plane for two-stage: bad

SDDP algorithm: generalization of cutting plane method =
even worse?

o One run of Backward step: solve 1+ Ny +...4+ Ny LP’s

o One run of Forward step: solve 1+ M(T — 1) LP’s

“““Tractability”"":

SDDP method = construct feasible policy

a&%%
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Convergence and main contributions

THE END
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